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Abstract 

In this paper, we study Heisenberg vertex algebras over fields of prime characteristic. 
The new feature is that the Heisenberg vertex algebras are no longer simple unlike in the 
case of characteristic zero. We then study a family of simple quotient vertex algebras 
and we show that for each such simple quotient vertex algebra, irreducible modules are 
unique up to isomorphism and every module is completely reducible. To achieve our goal, 
we also establish a complete reducibility theorem for a certain category of modules over 
Heisenberg algebras. 


1 Introduction 

Vertex (operator) algebras have been extensively studied for about three decades since they 
were introduced in the late 1980’s (see [B], |FLM] . |FHL] h In the past, studies have been mainly 
focused on vertex algebras over the held of complex numbers, or sometimes over a general held 
of characteristic zero. (Note that the notion of vertex algebra, introduced by Borcherds in 
[B] . is over an arbitrary held.) Vertex algebra has deep connections with numerous helds in 
mathematics and physics, and it has been proved to be an interesting and fruitful research held. 
Among the important examples of vertex operator algebras are those associated to inhnite- 
dimensional Lie algebras such as affine Lie algebras including Heisenberg algebras and the 
Virasoro algebra (see EZl), and those associated to positive dehnite even lattices (see |FLM] L 
Recently, Dong and Ren in a series of papers studied vertex algebras over an arbitrary held, 
in particular over a held of prime characteristic. More specihcally, Dong and Ren studied the 
representations for a general vertex algebra over an arbitrary held in |DRlj and they studied 
vertex algebras associated to the Virasoro algebra in |DR,2] . Previously, Dong and Griess (see 
|DG] 1 studied integral forms of vertex algebras (over a held of characteristic zero). Based on 
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insi. Mu (see [M]) studied vertex algebras over fields of prime characteristic obtained from 
integral forms of lattice vertex operator algebras. 

In this paper, we study Heisenberg vertex algebras and their representations over a general 
field of prime characteristic. Though many results for characteristic zero still hold for prime 
characteristic, there are interesting new features. For example, for a nonzero level, Heisenberg 
vertex algebras are no longer simple, unlike in the case of characteristic zero. We then study a 
family of simple quotient vertex algebras. We show that for each such simple quotient vertex 
algebra, irreducible modules are unique up to isomorphism and every module is completely 
reducible. To achieve this we obtain a complete reducibility theorem for a category of affine 
Heisenberg Lie algebras. 

We now give a more detailed count of the contents of this paper. Let F be any field and let f) 
be a finite-dimensional vector space over F equipped with a non-degenerate symmetric bilinear 
form (•, •). Associated to the pair (f), (•, •)), one has an affine Lie algebra f) = f) (8)F[f,f“^] ©Fk, 
where k is central and 

[a r] = m{a, /3)(5m+n,ok 

for a,/5 G f), m,?7, G Z. For any £ G F, one has a vertex algebra whose underlying 

vector space is the l)-module generated by a distinguished vector 1 , subject to relations 

k ■ 1 = £1 and (1) © F[t])l = 0. 

It was known (cf. |LL] 1 that for F = C, 1^(£, 0) is a simple vertex operator algebra for every 

nonzero i and these are all isomorphic. As for the Lie algebra f) with F = C, the subalgebra 
f)' = ^ ©Ff^ + Fk is a Heisenberg algebra and there is an important complete reducibility 

theorem for a certain category of f)'-modules (see ra.K). This complete reducibility theorem 
is very useful in studying the representations of affine Kac-Moody algebras (see lEffil) and in 
studying the vertex algebras and their representations associated to even lattices (see |FLMj . 

imi, inzi). 

For a prime characteristic, however, the situation is quite different. One difference is that 
the subalgebra 1)' = ^ ® has an infinite-dimensional center, which is no longer a 

Heisenberg algebra. (Note that if char F = p, f) ©F[f^, t~'^] is contained in the center of 1).) Due 
to this, vertex algebra 0) contains infinitely many maximal ideals. Assume char F = p 

(a prime). Set !)+ = [)© For n G f), n G Z, we write u{n) for as usual. Let 

A G (()+)*. Denote by J(A) the f)-submodule of generated by vectors 

{u{—np) — A(n(—np)))l, (n(—n) — A(-u(—n)))^ 1 

for M G f), n > 1. It is proved in this paper that J(A) is a maximal l)-submodule of V^{£, 0) and 

these exhaust all the maximal f)-submodules. Furthermore, it is proved that T(A) is an ideal 
of vertex algebra 0) if and only if \{u{—n)) = 0 for all n G f), n > 2. Then for any such 
A, the quotient of 1^(.^, 0) by J(A) gives us a simple vertex algebra L|^(£, 0, A). As our main 
results, we show that every 0, A)-module is completely reducible and the adjoint module 
is the only irreducible module up to equivalence. 

On the other hand, set 

^ f) (g) we + Fk, 

which is a Heisenberg algebra. To achieve our main results, we establish and use a complete 
reducibility theorem for a certain category of f)"-modules. We give an analogue of the canonical 
realization of Heisenberg algebras in terms of differential operators and multiplication operators. 
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This paper is organized as follows: In Section 2, we present some basic results on vertex 
algebras of prime characteristic. In Section 3, we discuss vertex algebras associated to affine Lie 
algebras. In Section 4, we study a category of modules for Heisenberg algebras. In Section 5, 
we study a family of simple quotient Heisenberg vertex algebras and determine their irreducible 
modules. 


2 Basics 

In this section, we present some basic results on vertex algebras over an arbitrary field, especially 
over a field of prime characteristic. The proofs for most of these results are the same as those for 
characteristic zero, which can be found in im for example. For completeness, we also provide 
some expository details. 

Let F be an arbitrary field. Throughout this paper, x, y, z, Xq, Xi, X 2 , ■ ■ ■ are mutually com¬ 
muting independent formal variables. Vector spaces are considered to be over F. If the letter p 
appears in some expression, by default F is assumed to be of characteristic p. We use the usual 
symbols Z for the integers, Z_|_ for the positive integers, and N for the nonnegative integers. 
For n G Z and A: G N, we consider the binomial coefficient 

f n{n — 1) ■ • • (n — /c -|- 1) 

U; k\ ’ 

which is an integer, as a number in the prime subfield of F. Furthermore, for n G Z, define 
[x + y)'^ to be the formal series 

= (2.1) 

ken ^ ^ 

We shall frequently use Lucas’ theorem which states that for any 

m = mo -|- rriip rrikP^, n = Uq + riip rikP^ G N, 

where p is a prime number. A; G N, 0 < m*, n, < p — 1, we have 

(r)" n (“‘) Pi- (2-2) 

In particular, this implies that = 0 if m G pZ+, n ^ pZ+. 

For A: G M, we denote by the A:-th Hasse derivative with respect to x, that is, 

di’^^x^ = (^'^x^-’^ ( 2 . 3 ) 

for m G Z. The following relation holds for m, n G M: 

^ gi^+n)_ ^2.4) 

\ m J 

We formally denote 

^2.5) 

n>0 

Just as in the case of characteristic zero, the following formal Taylor formula holds: 

e^°^^a{x) = a{x + Xq) (2.6) 
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for a{x) G U[[x,x ^]], where U is any vector space over F. 

Recall the formal delta-function 

^(a;) = 

nG'Z 

For m,n eN, we have 

di^'>x^^6 = (xi - X 2 )-"-' - i-X2 + = (-l)"aWx2. (2.7) 

The following dehnition was due to Borcherds (see 0): 

Definition 2.1. A vertex algebra is a vector space V equipped with a distinguished vector 1, 
linear operators on V for m G Z, and bilinear operations (u, v) UnV from V x V to V 
for n G Z, satisfying the following conditions (i)-(v) for u,v,weV and m,n e'L\ 

(i) UnV = 0 for n sufficiently large. 

(ii) InV = 6n-lV. 

(hi) Mnl = 

(iv) UnV = 

(v) (UniV')nVJ f) ( j) (^m—( 1) Vm-\-n—iViW') . 

The following are some (immediate) consequences (see [LLj . page 90; cf. [B]h 
Lemma 2.2. Let V be a vertex algebra. Then 

(1) = 0 for u eV, n eN. 

(2) = 0 forn<0. 

(3) = ly, or eguivalently, U-il = u for u E V. 

(4) pMpW = (f^+'^^x>^rn+n) form,nE N. 

(5) V^^\umv) = ^ ^ m eZ. 

Recall that a coalgebra is a vector space C equipped with two linear maps A : C ^ C 0 (7, 
called the co-multiplication^ and £ : C* —?■ F, called the co-unit, such that 

(1® A)A = (A® 1)A, (l{8)e)A = l, (e«)l)A = l, 

(where 1 is the identity map on C). Furthermore, a bialgebra is an associative algebra B with 
unit 1 which is a coalgebra at the same time such that the co-multiplication A and co-unit e 
are both algebra homomorphisms. 

Remark 2.3. Let B he a. vector space with basis \ n E N}. It is well known (cf. [B] l 

that 13 is a bialgebra with 

pM p(o) 

n 

A(T>(^)) = {g)P«, £(p(^)) 

i=0 


= 1 , ( 2 . 8 ) 

= <5n,o (2.9) 


for m, n G N. 
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In view of Lemma r2.2[ each vertex algebra V is naturally a 13-module. Following [DRlj . we 


set 

e S[[a:]], (2.10) 

n>0 

SO that e*® acts on every ;B-module and especially acts on every vertex algebra. As in the 
ordinary case, we have 

^ ^(x+z)v = 1, 

which are due to fl2.8p . fl2.ip . and to the fact that X]n=o(“^)"(n) ~ for k E N. On the 
other hand, (1^ can be written as 

A(e"®) = e"® ® and s(e^^) = 1. (2.11) 

(Informally, is group-like.) Note that 

^(n)gXO _ ^ ^ ^2.12) 

Using Lemma [2.21 15) and Dehnition 12 .1 1 fiv). as it was mentioned in |DR,1] . we immediately 
have: 

Lemma 2.4. Let V he a vertex algebra. For u E V, set 

Y{u,x) = ^2unX~"'~^ E (EndU)[[a;, 

nEZ 

where denote the corresponding linear operators on V. Then the following skew symmetry 
and conjugation formula hold for u,v E V: 

Y{u,x)v = e^'‘^Y{v,—x)u, (2.13) 

x)e-^°® = e^°^^Y{u, x). (2.14) 

Furthermore, the following relations hold for u E V: 

Y{v,z)l = e^^v for V E V, (2.15) 

gXoDy x)e~^°^ = Yx) = {u, x) = Y{u,x + xq). (2.16) 

In particular, we have 

[V^^\ Y{u, x)] = YiV^^\, x) = x). (2.17) 

As in the case of characteristic zero, we have (see m, pages 90-91): 

Proposition 2.5. A vertex algebra can he defined eguivalently as a vector space V eguipped 
with a linear map 

Y{-,x) : V -P (Endl/)[[x,x-^]] 

V l-E- Y(v,x) = '^^VnX~'^~^, (2-18) 

nGZ 

satisfying the following conditions for u,v E V: 

UnV = 0 for n sufficiently large (2-19) 
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(the truncation condition ), 


Y{l,x) = 1 (the identity operator on V) 

(the vacuum property^, 

Y{v,x)l eV\[x\\ and \miY{y,x)l = v 

x—>-0 

(the creation property^, and 

^ ^ 2 ) - Xq^ 5 y {x, X2)Y (m, xi) 

= X2^5 ^ Y{Y{u,Xo)v,X2) 

(the Jacobi identity^. 

Remark 2.6. Let id be a vertex algebra. Then the following properties hold: 

(i) Weak commutativity: For any u,v G V, there exists fc G N such that 

(xi - X2)^[Y (m, xi), Y (n, X2)] = 0 . 

(ii) Weak associativity: For u,v,w E V, there exists I G N such that 

(xo + X2yY{Y (m, xo)n, X2)w = (xq + 0:2)V(n, xq + X2)Y{v, X2)w. 


( 2 . 20 ) 


( 2 . 21 ) 


( 2 . 22 ) 


(2.23) 


(2.24) 


Remark 2.7. Just as in the case with F = C (see [EHL], [DL], [02]), in the dehnition of a 
vertex algebra, the Jacobi identity axiom can be replaced by any one of the following: 

(i) weak commutativity and weak associativity; 

(ii) weak associativity and skew symmetry; 

(iii) weak commutativity and conjugation formula. 

The notion of module for a vertex algebra V is dehned as usual. 


Definition 2.8. A V-module is a vector space W equipped with a linear map 

Yw{-,x) : V -E (Endiy)[[x,x-^]] 

V !-)■ Yw{v, x) = ^' 


= > VnX 

rEZ 


—n—1 


such that for u,v E V and w G W, 


UnW = 0 for n sufhciently large, 
Yw{l,x) = Iw (the identity operator on W), 


/ Xi - X2 


Xq 5 


Xo 


Yw{u, xi)Yw{v, X 2 ) - Xq J 


/X2 - Xi 


-Xo 


Yw{v,X2)Yw{u,Xi) 


= X2 S 


/Xi - Xo 


X2 


Yw{Y{u,Xo)v,X2). 


(2.25) 


(2.26) 

(2.27) 

(2.28) 


Remark 2.9. In the dehnition of a Id-module, the Jacobi identity axiom can be replaced by 
weak commutativity and weak associativity. On the other hand, the Jacobi identity axiom can 
also be equivalently replaced by only weak associativity, as it was mentioned in |DR,lj . 
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Definition 2.10. Let V he a. vertex algebra. A (V, B)-module is a IL-module {W, Yw) equipped 
with a ;B-module structure such that 


e^^Ywiv, z)e-^'^ = Yw{e^'^v, z) for v eV. 


—xT> 


xT)^ 


Remark 2.11. Let id be a vertex algebra and let {W, Yw) be a l/-module. The same arguments 
in the case of characteristic zero (cf. |LLj i show that 


Yw{e"'°^v, z) = e''°^^Yw(v, z) = Ywiy, z + Zq) for v e V. 
Furthermore, if {W, Yw) is a (V, i3)-module with V a vertex algebra, then we have 
e^'^Ywiv, z)e~'^^ = Yw{e^^v, z) = e^^^Yw{v, z) = LV(u, z + x) 


(2.29) 


(2.30) 


for u G Id. 

We shall need an analog of a result of [Lil] (cf. |LL] i. 

Lemma 2.12. Let V be a vertex algebra, let (W,Yw) be a {V,B)-module, and let w & W be 
such that = 0 for n > 1. Then 

Yw{v,x)w = e^'^V-iw for all v eV. (2-31) 

In particular, w is a vacuum-like vector in the sense that VnW = 0 for all v eV, n E N. 

Proof. Let v eV. From Lemma [2. Ill we have 

n 

i=0 



for m G Z, n E N. Then we get 


- 1 )^ 


m + n 
n 


VraW = 




i=0 


Let m E N he arbitrarily hxed. There exists n E N such that 7^ 0 and Vm+nW = 0. 

It follows that VmW = 0. This proves that tc is a vacuum-like vector. Furthermore, since 
= 0 for u > 1, we have 

e'^'^Ywiv, Xo)w = e'^^Ywiv, Xo)e~'^^w = Yw{v, Xq + x)w. 

Noticing that Yw{v,Xo)w involves only nonnegative integer powers of Xq, we can set Xq to zero 
to obtain fl2.3ip . □ 

Using Lemma [2.121 and the same arguments in [LL] we obtain: 

Proposition 2.13. Let {W,Yw) be a {y,B)-module and let w E W be such that = 0 

for n > 1. Then the linear map / : U —)■ W; v 1 -^ v^iw is a V-module homomorphism. 
Furthermore, if W is a faithful V-module and if w generates W as a V-module, then f is an 
isomorphism. 

In the case of characteristic zero, there is a general construction theorem due to [FKRWj . 
[MPj (cf. |LLl Theorem 5.7.1]). For a held F of prime characteristic, by the same proof as in 
im, we have the following slight modihcation; 
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Theorem 2.14. Let V he a B-module with a distinguished vector 1 such that 1 = 0 for 
n > 1 and let T be a subset of V equipped with a map 

Yo{;x) -.T ^Rom{V,V{{x))), 

a Yo{a, x) = anX~'^~^. 

nGZ 


Assume that the following conditions hold: 

(i) For a E T, YQ{a,x)l E V^x\] and lima-^o 2;)1 = a. 

(ii) For a,b E T, there exists k eN such that 

{xi - X2)^[To(a, xi), Yo{b, X 2 )] = 0. 

(iii) V is linearly spanned by Oni ■ ■ ■ an}l for r > 0, ..., G T, rii,..., G Z. 

(iv) For a eT, 

e^'^Yo{a, x)e~^^ = e^^^Yo{a,x). 

Then Yq can be extended uniquely to a linear map Y : V ^ Hom(V, l^((x))) such that {V, T, 1) 
is a vertex algebra. 

Remark 2.15. We here comment on Theorem 12.141 and its proof. Note that in the case of 
characteristic zero, in the place of (iv) is the D-bracket-derivative formula: [D,YQ{a,x)] = 
^Yq^o^x) for a eT. One proof (see [LLj for example) uses a conceptual result of |Li2j and a 
variation of Proposition 12.131 The conceptual result is that for any vector space W, every local 
subset U of Hom(W, hP((x))) generates a vertex algebra (U) and IT is a faithful module for 
(U) with Yw{(y{x),xo) = Q:(a;o) for a{x) E (U). It is straightforward to check that this theorem 
holds for any held. As with Proposition 12.131 (and Lemma [2.12p . note that if char F = 0, one 
has for u > 0 with V = (cf. |LLj ). In this case, the D-bracket-derivative 

formula is equivalent to the conjugation formula. In case char F > 0, we need the conjugation 
formula, which is stronger than the D-bracket-derivative formula. 

We end up this section with the following lemma which follows from the same argument as 
in the case of characteristic zero (see imi, lEE]): 

Lemma 2.16. Let V he a vertex algebra, let E V, and let (W,Yw) be a 

faithful V-module. Then 


[Y{u,Xi),Y{v,X 2)] = '^Y{w^^\ X2)d^f^x.^ ^5 I — 

i=o 

on V if and only if the analogous relation holds on W: 

[Yw{u,Xi),Yw{v,X 2)] = '^Yw{w^'\x2)di^^xf^d (— ) . 

i=0 

In this case, we have 

UiV = for 0 < i < k and UiV = 0 for i > k. 


(2.32) 


(2.33) 


(2.34) 


On the other hand, fl2.32p implies fl2.33p and 02.341) regardless whether W is faithful or not. 


























3 Vertex algebras associated to general affine Lie alge¬ 
bras 

In this section, we study vertex algebras associated to general affine Lie algebras and then we 
present some basic results. Here and after, we assume F has prime characteristic p. 

Let H he a. bialgebra. Recall that a Lie algebra g is called an H-module Lie algebra if g is 
an //-module such that 

h- [a,b] = ^[h(i) - a, h^ 2 ) ■ b] 

for h ^ H, a,b E g, where A(h) = X] ^(i) ® ^( 2 )- A unital algebra A is called an H-module 
algebra if A is an //-module such that 

h ■ [ah] = • a){h[ 2 ) ■ b), h ■ 1 = e{h)l 


for h E H, a,b E A. 

Remark 3.1. We have seen (see fl2.4p l that the Laurent polynomial ring ¥[t, is a H-module 
with acting as for n G N, where 

for mEZ. 

Furthermore, it is straightforward to show that is a H-module algebra. 

Let H he a bialgebra and let A be an //-module algebra. An {A, H)-module is an A-module 
W which is also an //-module such that 

h{aw) = ^^(h(i)a)(h( 2 )tc) for h G //, a E A, w E W. 

It is clear that the left adjoint A-module is automatically an (A, //)-module. 

The following is a well known fact: 

Lemma 3.2. Let g be an H-module Lie algebra. Then the universal enveloping algebra U{g) 
is naturally an H-module algebra. Moreover, in case H = B, for u E U{g) we have 

on any {U{g), B) -module, in particular on 17(g). 

Proof. First of all, the tensor algebra T(g) is naturally an //-module algebra, where 

h(M (g) n) = h(i)M (g) h( 2 )n (3.2) 


for h E H, u,v E T(g). Set 

U = span{ [a,b] —a(^b-\-b(^a \ a,b E g} GT(g). 

Then let / be the ideal of T(g) generated by U. For h E H, a,b E g, we have 

h{[a,b] — a<^b + b^a) = ^ {[h{i)a, h(2)6] — h(i)a (g) h(2)fe -/ h^i^b (g) h(2)a) G U. 

Thus U is an //-submodule of T(g). Furthermore, for h E H, X,Y G T(g), u E U, we have 

h{XuY) = 5^(h(n)X)(h(i2)M)(h(2)y) G /, 
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where A(h(i)) = ^ h(ii) 0 h{i 2 )- This shows that I is an ih-submodule of T(g). It follows that 
17(g), which equals T{q)/I, is an 77-module algebra. 

Assume H = B and let W he a. (f/(g), ;B)-module. For m e f/(g), w eW, from fl2.1ip we 
have 

A slightly different version of this is 

e^^(ue-^^w) = (e^^u)w, 


which immediately gives the desired result. □ 

Let g be a Lie algebra equipped with a symmetric invariant bilinear form (•, •). The affine 
Lie algebra g associated to the pair (g, (•, •)) is the Lie algebra with the underlying vector space 

g = g 0 © Ck, 

where k is a nonzero central element of g and 


[a f”] = [a, b] 0 + m(a, 7)(5m+n,ok 


for a, 6 G g, m,n ^ Z. 

We call a g-module W a restricted module if for every a G g and w G IT, a{n)w = 0 for n 
sufficiently large, where a{n) denotes the operator on W corresponding to a®t^. On the other 
hand, if k acts as a scalar 7 G F on a g-module W we say W is of level £. 

For a G g, form a generating function 


a(a;) = ^(a 0 


(3,3) 


Then 


[a{xi),b{x2)] 


Using (|T7|) . we get 


[a, b]{x 2 )x 2 



{a,b)d^^X2^S 



(xi - X2Y[a{xi),b{x2)] = 0. 


Set 


0 + = 


0 - = 0 «) t'", 0(0) = 0 © Fk. 


(3.4) 


n>0 n>0 

Let 7 G F. Let g_ and g act trivially on F and let k act as scalar 7, making F a g_ ©g(o)-module, 
which we denote by F^. Form an induced module 


Ug(7,0) = 7/(g) ®U(S- 9 S( 0 )) (3-5) 

Define an action of on g by 

• k = (5„,ok, • (a 0 r) = (-1)” (a 0 r”") 

for n G N, a G g, m G Z. In terms of generating functions, we have 

• k = k (= e(e^®)k) , e^'’^{a{x)) = e^^^{a{x)) = a{x + z). (3.6) 


For n G N, a, 6 G g, r, s G Z, we have 
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= [a, b] 0 (- 1 )" + r (a, 6)5,+,,o5„,ok 

= b] 0 (- 1 )" ^ + {r-n + t){a, b)5r+s-n,oSnA 


= ^[p("-*)(a0r),P«(6 0r)]. 

i=0 


It follows that 0 is a S-module Lie algebra. In view of Lemma U(q) is a S-module algebra. 

Clearly 0 _ + g + F(k — £) is a S-submodule of U(g), so that t/(g)(g_ + 0 + F(k — i)) is a 
;B-submodule. Since 

0) = f/( 0 )/f/( 0 )( 0 _ + 0 + F(k - i)) 

as a t/( 0 )-module, it follows that Vj(£, 0) is a (t/(g), i3)-module. Furthermore, by Lemma [3]2l 
we have 

e^^a{x)e~^^ = e^^{a{x)) = a{x + z) (3.7) 

on 1^(£, 0) for a G 0 . With fl3.4p and 03.71) . by Theorem 12.141 we immediately have: 

Proposition 3.3. There exists a vertex algebra structure on Vj(£, 0), which is uniquely deter¬ 
mined by the condition that 1 = 1 0 1 is the vacuum vector and 


y(a, x) = a(x) G (End Vj(£, 0))[[a;, a; ^]] for a E Q. (3.8) 

Just as in the case of characteristic zero, we have (cf. [LL] ): 

Proposition 3.4. Every Vg{i,0)-module W is naturally a restricted Q-module of level i with 
a{x) = Yw{a,x) for a G g. On the other hand, on any restricted Q-module W of level £, there 
exists a Vg{£,0)-module structure Yw{-,x) which is uniquely determined by 


Ywia, x) = a{x) for a E g C Vg(£, 0). 


4 Representations of certain Heisenberg algebras 

For the purpose to study Heisenberg vertex algebras and their representations, in this section 
we study representations of certain Heisenberg algebras and we establish a complete reducibility 
theorem for a certain category of highest weight type modules. 

Let S' be a nonempty set. To S', we associate a Heisenberg Lie algebra 

'Hg = (Foa 0 ¥ba) 0 Fk (4.1) 

aes 

with a designated basis {k} U { oq , ba \ a E S'}, where k is central and 

[a«, ay] = [bo,, by] = 0, [a«, by] = Sa,yk for a,/3 E S. (4.2) 

(Recall that a Heisenberg algebra is a Lie algebra whose derived subalgebra coincides with its 
center which is assumed to be 1 -dimensional.) Set 

P[F] = F[x« I a G F], (4.3) 

the commutative polynomial algebra. It is well known that for any £ E ¥, P[S] becomes an 
'Rg-module where k acts as scalar £ and for a E S, Oa acts as the differential operator £8^^ 
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while ba acts as the multiplication operator Xa- Let be the left ideal of U{l-is) generated by 
k — £ and Oq, for a ^ S. It can be readily seen that 

P[S] ~ U{'Hs)/Ji ( 4 . 4 ) 


as an 'H^-module. Set 


A{s,i) = uins)/{k-i)u{ns), 


( 4 . 5 ) 


a commutative associative algebra. 

Furthermore, let / : S' —?■ F be any function. Denote by // the ideal of P[S] generated by 
elements — f{a) for a E S. Notice that 

dxpixl - /(a)) = = 0 

for a,(3 E S. It follows that is an "Hs-submodule. Then we set 

V[SJ]=¥[xa\aES]/If, ( 4 . 6 ) 

a commutative associative algebra and an 'H 5 -module of level i. It can be readily seen that the 
commutative products 


(4.7) 

for r > 0, ai ,... ,ar E S (distinct), 0 < ki,..., kr < p — 1 form a basis of ld[S', /]. 

Lemma 4.1. For any nonzero i e¥, the 'Hs-'i^^odule 17[S', /] of level i is irreducible. 

Proof. First, we consider the special case with IS"! = 1. In this case, l-is = Fa + F& + Fk and 
a acts as and b acts as the multiplication operator x on the polynomial algebra F[x]. Let 
CK G F. Set V[a\ = ¥[x\/{x’^ — CK)F[(r], which is p-dimensional. Notice that with 7 ^ 0, any 
submodule of V[a] is (a:^)-stable and (x^)x" = nx'^ for n G N. Then it follows that V[a] 
is an irreducible module. Furthermore, let tc be a nonzero vector in an "H^-module such that 
aw = 0 and bPw = aw. By using F[a;] and the irreducibility of V[a], it is straightforward to 
show that V[a] ~ U{'Hs)w. 

Next, we consider the case with S hnite. For a E S, let Aa be the subalgebra of A{S,£) 
generated by Oq, and b^. Then 

A(^,£)~(g)A„. 

aes 

It can be readily seen that 1/[S', /] = <S)aesV[fa\- For each a G S', it was proved previously that 
V[fa] is a p-dimensional irreducible A^-module. Then it follows that V[S,f] is an irreducible 
■H^-module. 

Now, we consider the general case. To show that 17[S', /] is an irreducible 'H^-module, we 
prove that U(fHs)w = ld[S', /] for any nonzero vector w E ld[S', /]. Let 0 ^ w E ld[S', /]. There 
exists a hnite subset S' of S such that w E We have already proved that iKfHs')^ is 

an irreducible "H^z-module, which implies iKfHs')^ = U(fHs')w. Then 

1 G = U{Hs')w C U{Hs)w. 

It follows that 1/[S', /] = U{'Hs)uJ. Therefore, V[S, f] is an irreducible "Hs-module. □ 

Let d be a positive integer. Set 

Sd = {{i,n) I 1 < i < d, n E Z_|_ \ pZ+j. (4.8) 
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Definition 4.2. Let A : S'd — )■ F be a function. Define P[Sd, A] to be the unital commutative 
associative algebra generated by Xi^n for {i,n) G Sd, subject to relations 

= Kn (b n) e Sd. 

It follows that the commutative products 

fcl k2 ... kr (A o') 

for r > 0, (* 1 , rii), ..., (v, Ur) G Sd (distinct), 0 < ki,..., kr < p — I form a basis of P[Sd, A]. 

Let 1) be a hnite-dimensional vector space over F equipped with a non-degenerate symmetric 
bilinear form (•,•). View f) as an abelian Lie algebra, so that (•, •) is an invariant bilinear form. 
Then we have an affine Lie algebra 1) associated to the pair (f), (•, •)), where 

[a{m),/3{n)] = m6m+n,o{o:, /3)k 


for a, G f), m,n ^ Ta. 

We have the following simple result: 

Lemma 4.3. The elements u{kp) and u{ky for n G 1), k ^ Z lie in the center of U{\)). 
Proof. Let u G f), fc G Z. For any n G f), n E Z, we have 


[u{kp),v{n)] = {kp)5kp+n,o{u,v)k = 0. 

It follows that u{kp) is central in V(f)). On the other hand, for any u,v E i), m,n E Ta, by 
induction on r, we have 

[u{mY,v{n)] = rm6m+n,o{u,v)u{mY~^k 


for all r > 1, which implies 

[u{mY,v{n)] = pm6m+n,o{u,v)u{mY~^k = 0. 

This shows that u{kY for n G 1), k eZ are central in □ 

Recall that f)+ = U„>o ^ ® ~ lIn>o ^ f)-module W, set 

Vtw = {w eW \ f)_tc = 0}. (4-10) 


A nonzero element of is called a vacuum vector. It is clear that every central element of 
17(f)) preserves VLy/. In particular, u{kp) and u{kY preserve klw for any u G f), k E Z. 

Definition 4.4. We say that a restricted t)-module W satishes condition Cq if 

(i) u{np) and u{nY act trivially on hF for u G f), n E Z+. 

(ii) u{—np) and u{—nY act on W semisimply for u G t), n G N. 

Lemma 4.5. Let W be any nonzero restricted i)-module satisfying condition Cq. Then klw Y 0. 


Proof. Let tc be a nonzero vector in W. If t)(n)tc = 0 for all n > 1, then w E kly/, so that 
Vtw Y 0. Now, assume \){n)w Y 0 some n > 1. Since W is restricted and since f) is hnite 

dimensional, there exists a positive integer k such that \){k)w Y 0 and \){n)w = 0 for all n > k. 
Set 

= f)(l) + ■ ■ • + f)(^); 


a hnite-dimensional (abelian) subalgebra of f)_. Note that CkW Y 0 that by Dehnition 14.41 
dl]), for n G f), n E Z_|_, u{n) acts nilpotently on W. Then there exists a nonnegative integer 
/co such that {CkY°w Y 0 = 0. Consequently, we have (f)_)^°+^t(; = 0 and 

(f)_)^°tc Y 0- Then we have (f)_)^“tc C Vtw., proving Vtw Y n 
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Let £ e F and let Aq G 1)*. Denote by F^^Aq the one-dimensional (f)_ © 1) © Fk)-module F 
with t)_ acting trivially, with h acting as scalar Ao(h) for h G and with k acting as scalar £. 
Form an induced module 

M(£, Ao) = D(^) ©[;(h_g3(,eFk) ^ U(^+), (4.11) 

which is a restricted l)-module of level 1. Set 

l£,Ao = 1 © 1 G M(£, Ao). 

Furthermore, let A G (1)+)*. For u G t), n G Z+, alternatively write \n{u) = \{u{—n)). 
Denote by J(A) the submodule of M{i, Aq) generated by vectors 

(M(-m) - Am(n))l£,Ao, {u{-nY - >^n{uy)U,\o (4-12) 

for M G t), m G pZ+, n G Z+ \ pZ+. Note that for u G 1), n G pZ+, we also have 

(n(-n)^’-A„(n)^)l,,AoG J(A) 


as 

{u{-nY - \n{uy)le,Xo = {u{-n) - \n{u)y~^{u{-n) - \n{u))li^Xo- 
With Lemma SSI it can be readily seen that those vectors in fl4.12p lie in Dm(£,Ao)- Set 

L^(£,Ao,A) = M(£,Ao)/J(A). (4.13) 

We have: 

Proposition 4.6. Assume that F is algebraically closed. Let £ G F, Aq G 1)*, A G (1)+)* with 
£ y 0. Then L-^{£,Xo,X) is an irreducible \)-module. Furthermore, if w is a vacuum vector in 
some [}-module W of level £ such that 

(i) u{0)w = Xo{u)w for u G 1), 

(ii) u{—n)w = Xn{u)w for u G 1), n G pZ+, 

(iii) u{—nyw = Xn{uyw for u G t), n G \pZ+, 

then U{i))w is isomorphic to L^{£, Aq, A). 

Proof. For m G Z, write t)(m) = t) © t™. Set 

?'= II fl(ri)©Fk, (4.14) 


which is a subalgebra of f) and a Heisenberg algebra itself. As F is algebraically closed, there 
is an orthonormal basis of t). Recall Sd = I 1 < * < n E Z+ \pZ+}. 

Associated to Sd, we have a Heisenberg algebra Tisd ^ commutative polynomial algebra 

P[Sd\ = ¥[xi^n I {i,n) G Sd], 

which is naturally an 'H^^-module of level £. It can be readily seen that 1)" ~ TLsd with 
= Oi^n and y''\—n) = bi^n for {i,n) G Sd- (Note that n 7 ^ 0 in F with {i,n) G Sd-) 
Then P[S'd] becomes an f}"-module with 

\^ = £, y"\n) = £n^a,^^^, y"\-n) = Xi^n for {i,n) G Sd- 
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For 1 < i < d, n G Z+, set 


Ai,n = X{u^"\-n)). (4.15) 

Note that A naturally gives rise to a function from Sd to F, denoted by A again. We then have 
a commutative associative algebra 

P[Sd, A] = V[Sd, A] = P[Sd]/h, (4.16) 

which is also an [^"-module of level £, where 

(i,n)eSd 


an ideal and an f)"-submodule of P[S'd]. With i ^ 0, from Lemma HTTl P[Sd, A] is an irreducible 
f)"-module. 

For M G f), k E let u{—k) act on P[Sd\ as scalar Xk{u), let u{k) act trivially, and let 
m( 0) act as scalar Ao(m). Then P[S'rf] becomes an l)-module of level £. Furthermore, P[S'd, A] 
becomes an irreducible f)-module of level £. 

From the construction of M{£, Aq), there exists an {^-module homomorphism 9 : M{£, Aq) 
P[S'rf, A] with 9{li^Xo) = 1- It can be readily seen that 9 reduces to a homomorphism 9 from 
Pij{£, Ao, A) onto P[Sd, A]. Note that 

L;(C,A„,A) = UmtM = = (SK)/J(A)") 


where J(A)" denotes the ideal of -S'(f}"), generated by u^^\—n) 


— Af,^ for {i,n) G Sd- We have 


W;)/J(A)"^P[F,,A] 


as an algebra with u^'^\—n) + J(A)" corresponding to Xi^n for (f,n) G Sd- It follows that 9 
is isomorphism. Consequently, L^{£, Aq, A) is an irreducible f)-module. The second assertion 
follows immediately from the construction and irreducibility of L^{£i Aq, A). □ 

Recall that with d = dim 1) and S'^ = {(i, n) | 1 < i < d, n G \pZ+} and recall the unital 
commutative associative algebra P[S'd, A]. For (f,n) G S'^, set 


P[Sd, X]l^ = {xj^rn I {j,rn) E Sd\ {( l ^)}) 

(the subalgebra generated by Xj^m for (j, rn) G Sd with (j, m) ^ {i,n)). Note that 
p[Si, A] = p[Si, A]”„ @ A|”„ @ @ a|”„. 


Furthermore, we set 


P|Sj, Al^ = 4.,„P|Sj, A] = PIS,, A]”„ + ii,„P[S,, A]”„ + 


+ P|S,, A|^,, 


a subspace of P[Sd, A]. 

For any subset T of Sd, set 


(4.17) 


(4.18) 


(4.19) 


P[Sd,X]T = {xi^n I {i,n) E T). 


(4.20) 


We have: 
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Lemma 4.7. Let T be a subset of Sd, Tq a finite subset of T, and let {fi^n \ G Tq} be a 
set of elements of P[Sd, A]t with fi^n G P[Sd, A]'„ such that 


= md^.^^fi^n for (z,n), (j,m) G Tq. 
Then there exists f G P[Sd, A]r such that 

= fi,n for all {i, n) G Tq. 

Proof. For {i,n) G Sd, define a linear operator gi^n on P[Sd, A] by 


(4.21) 




(4.22) 


(4.23) 


In particular, we have 

ndxi^^gi,nfi,n = fi,n for all {i,n) G Tq. (4.24) 

From definition, we have gi^nP[Sd, A]t C P[Sd, A]t for (h^r) G T. 

We now proceed to prove the lemma by induction on |To|. For Tq = {(i,n)}, taking / = 
gi,nfi,n, by fl4.24D we have 

'O'dxi^nf ~ rl^x^^^gi^nfi,n — fi,n- 

For the induction step, pick up (j, m) G Tq and set Tq = To\{(j, m)}. There exists /' G P[Sd, A]r 
such that ndxi^f' — fi,n for all (h^i) G Tq. Set 


f f P 9j,mfj,m 9j,mmdj jyif G P[Sd, Ajj'. 


For {i,n) G Tq, noting that mdx^^ and n^x^^ commute, using fl4.22p and fl4.2ip . we have 


’O'^Xi^nf p ridx^^^9j,m {fj,m 'O^^Xj^rnf ) 



On the other hand, using fl4.24p and 04.231) we have 

mdxj^mf = mdxj^^f' P mdx^^^9j,mfj,m - ^^i,m(m4,>,/') 

= rndxj^^f P fj,m - mdxj^^f 


noticing that mdx^^f' G P[Sd, A]'This completes the proof. 


□ 


Now we have the following analog of |FLM1 Theorem 1.7.3]: 


Theorem 4.8. Let £ G F^. Then every restricted ij-module of level I satisfying condition Co is 
completely reducible. 
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Proof. It is a slight modification of the proof in |FLM] . Let W be any restricted fi-module of 
level i satisfying condition Cq. For Aq G f)*, A G (1)+)*, set 

hFAo,A = {w E W I u{—m)w = Xm{u)w, u{—nYw = \n{uYw for M G 1), m G pN, n G Z+}. 

As u{—m), u{—nY (with u,m,n given as above) he in the center of 17(f)), IFao,a is an [)- 
submodule. Furthermore, from condition Cq, IF is a direct sum of submodules Then it 

suffices to show that each submodule IFa^^a is completely reducible. 

Now, we simply assume IF = IFxo,a for some Aq G f)*, A G (f)+)*. Set IF° = f/(f))flvv C 
IF. In view of Proposition 14.61 is a direct sum of irreducible submodules isomorphic to 
L^(£, Ao, A). Then it suffices to show that IF = IF°. Suppose instead that IF Y As IF/IF° 

is an f)-module satisfying condition Cq, it contains a vacuum vector by Lemma 14.51 That is, 
there exists u G IF such that v ^ IF° and G IF° for ah 1 < i < d and n G We 

are going to show that there exits h G IF*^ such that Y'^\n)h = Y^\n)v for ah z = 1,... ,d 
and u G so that v — h E Ptw Then v E h + PLw C IF°, a contradiction. Since Y^Yn) 

acts trivially on IF for n E pZ^ and 1 < z < d, it suffices to hnd some h E IF° such that 
zzW(rz)d = zz7)(n)z; for z = 1,..., d and rz G \ pZ+. 

Choose a basis {zu..),}.ygr (P an index set) of Qw We have 

7 Gr 

where [/(t))w.y ~ PlS^, A]. As IF is restricted, there exists uq G such that zz7)(rz)z; = 0 for 
z = 1,..., d, n> riQ. Then there is a hnite subset Pq C P such that 

Y'^YY'^ ^ for ah 1 < z < d, n E Z+. 

7Gro 


For (z,n.) E S^, 'y E Fq, let Sin^y be the component of Y'‘YY'^ i^r with respect to this 

decomposition. We have Siny = 0 whenever n > uq. For (z,n), (j, m) G as 

Y^YYY^\'^Y = Y^Y'^)Y''YY'^ 1 

we have Y^YY^jmy = Y^Y^)^in'y for all 7 G Fq. If we can hnd hy E U{\:))'Wy such that 
Y'^YYY ~ ^iriy for ah (z, n) E Sd, 7 G Fq, then we can take h = X] 7 Gro ^7 ^i^^ f*® done. 

Fix 7 G Fq and identify U{i))wy with P[Sd, A]. Then 

n^^^^^Sjmy = md^.^^Siny for (z,rz), (j, m) E Sd- 

We claim that Siny E P[Sd, A]',, (= ^^^^^P[Sd, A]). Write 

Siny = Oq + aiXi^n + ' ' ' + 

where Oj G P[Sd,X]in- As zz‘'7(rz)^IF = 0 by assumption, we have zz7)(n)^“^(zz7)(n)u) = 0 . 
Consequently, Y’'YnY~^^in'y = 0. Since Y^YY^~^^^Y^ = {inY~^{p — 1)! and Y^YY^~^Y,n = 0 
for 0 < /c < p — 1, we have 

0 = Y"YY^~Yiny = {inY~^{p - l)!ap-i, 

which implies a^-i = 0. This proves Siny E P[Sd, A]'There exists a hnite subset T of Sd such 
that {(z,rz) E Sd \ n < rzo} C T and 

Siny G P[Sd, \]t for all (z, rz) G Sd- 
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Then by Lemma [4.71 with Tq = T, there exists h G P[Sd-i A]t such that 

indxi^^h = Sin^ for all {i,n) G T. 

Note that as h G P[Sd, A]t and {{i,n) E Sd \ n < uq] C T, we have 

= 0 = Sjra -1 for (j, m) e Sd\ T. 

Therefore indxi ,,h = for all {i,n) G Sd- This completes the proof. □ 

5 Heisenberg vertex algebras and their modules 

In this section, we study vertex algebras and their modules associated to Heisenberg Lie alge¬ 
bras. We particularly study their simple quotient vertex algebras and irreducible modules. 

Let 1) be a hnite-dimensional vector space over F equipped with a non-degenerate symmetric 
bilinear form (•, •). Viewing f) as an abelian Lie algebra with (•, •) an invariant bilinear form, 
we have an affine Lie algebra 1} associated to the pair (!),(•,•)). 

Let £ G F. We have a vertex algebra where the underlying space is the [^-module 

with generator 1, subject to relations k • 1 = £1 and f)(n)l = 0 for n G M. As a vector space, 

y(«,o) = (7(i;+) = s(D. (8.1) 

Furthermore, 1) is identihed as a subspace of V^{i, 0) through the linear map u m(— 1)1, which 
generates 0) as a vertex algebra. Note that every irreducible restricted f)-module of level 

£ is an irreducible I^(£, 0)-module. Then Aq, A) for Aq G 1)*, A G (1)+)* are irreducible 
0 )-modules. 

Unlike in the case of characteristic zero, the vertex algebra V^{£, 0) is no longer simple. In 
the following, we shall study (determine) simple quotient vertex algebras of V-^{£, 0) and their 
irreducible modules. First, we have: 

Lemma 5.1. For any u E 1), n E N, u{ny and u{np) act trivially on V^(£, 0), and u{—np)l 
and u{—nyi lie in the center ofV^{£,0). 

Proof. Note that V^{£, 0) = U(l))l. If a is a central element of f/(f)) such that a ■ 1 = 0, then a 
acts trivially on the whole space 0). Then the hrst part follows immediately from Lemma 
SSI For any n G I), fc G N, as Ufc = v{k) we have 

Vku{—np)l = m(— np)nfcl = 0 and Vku{—nYl = «(—= 0, 

so that 

\Y{v,Xi),Y{u{—np)l,X 2 )] = £i and [Y{v, Xi),Y{u{—nYl, X 2 )] = 0. 

Since I) generates V^{£,0) as a vertex algebra, it follows that u{—np)l and u{—nyi lie in the 
center of V^(£, 0). □ 

Recall that every vertex algebra V is naturally a H-module and a left ideal of V is an ideal 
if and only if it is a H-submodule as = m_„_i 1 for n G N, u E V. As 1) generates 0) 

as a vertex algebra, it follows that a left ideal of V^{£^ 0) exactly amounts to an I)-submodule. 

Thus, an ideal of 0) amounts to an I)-submodule which is also a H-submodule. 

The following is a technical result: 
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Lemma 5.2. Let m G f), k,r eN, n E Then 

V^'^\u{—nY) = 0 ifp\k, 

+ r — V 
r 

'D^^\u{—n)) = 0 ifp\n and p\k. 


V^^PHui-nY) = 


u{—n — rY, 


(5.2) 

(5.3) 

(5.4) 


Proof. Noticing that f)+ is abelian and that C ()+ for /c G N, we have 


e^'^{u{-nY) = {e^'^u{-n)Y = 

l\p 


fe(-i)' 

\r>0 


—n 


u{—n — r)x^ 


E 

r>0 


n + r 
r 


u{—n — rYx^^. 


From this we obtain fl5.2l) immediately. On the other hand, using Fermat’s little theorem, we 
get 


V^'-PYui-nY) = 


n + r — 
r 


u{—n — rY = 

proving fl5.3p . If p | n and p f fc, we have (“)”) = 0, so that 


n + r — 1 
r 


u{—n — rY 


-n 


proving fl5.4p . 
Let A G (f)_ 


= (-!)'=( ^'■')u(-n-fc) = 0, 


Denote by J{£, A) the f)-submodule of V^(^, 0) generated by vectors 

{u{—mY — Am(M)^)l for M G 1), m E Z+, and 
(m(— n) — A„(m)) 1 for m G f), n E pZ+. 


□ 


Recall that these vectors in fl5.5p lie in q)- Set 

LYi,o,x) = vYe,o)/j{i,x), 


(5.5) 


(5.6) 


an l)-module of level £. From Proposition 14.61 L^(£, 0, A) is an irreducible l)-module, i.e., J(£, A) 
is a maximal f)-submodule of V^(£, 0). In fact, these are all the maximal f)-submodules. 

Lemma 5.3. J{£,X) with X E (1)+)* exhaust the maximal \)-submodules o/l^(£, 0). 

Proof. Assume that iP is a maximal l)-submodule of 1^(£, 0), so that the quotient module 
V^(f', 0)/iF is irreducible. As 1^(-^, 0) is clearly of countable dimension, F^(-^, 0)/iF is of countable 
dimension. By Schur lemma (which states that if U is an irreducible module of countable 
dimension for an associative algebra A, then any central element of A acts on f/ as a scalar), 
there exists A G (1)+)* such that for u G f), n G Z+, u{—nY acts on 1^(£, 0)/JF as scalar 
X{u{—n)Y and u{—np) acts as scalar A(u(—np)). It follows that those vectors in 05.51) with 

this particular A belong to K. Thus J{£,X) C K. Since ¥^{£,0)/J{£, X) 0, A)j is an 

irreducible l)-module, we must have K = J{£, X). □ 
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Furthermore, we have: 

Proposition 5.4. is an ideal ofV^{i,0) if and only if Xn{u) = 0 for allu Ei), n> 1. 

Proof. Notice that as f) generates V^{£, 0) as a vertex algebra, a left ideal of 1^(^, 0) amounts 

to an [^-submodule of 1^(£, 0). Thus, J{£,X) is a left ideal of 1^(£, 0). Assume Xn{u) = 0 for 
M G f), n > 1. Denote by Q the linear span of the vectors in 05.51) . Let k eN, u E i), n E pZ+. 
li p \ k, with Xn{u) = Xn+k{u) = 0 we have 

~Tl\ 

^ \ {u{-n -k) - Xn+k{u)) 1 e Q. 

If p f /c, as (“") = 0 we have 




V^^^ui-n) - Xniu))l 


i-ir 



k)l 


OeQ. 


Now, let fc G N, u E i), n E Z+. If p f A: (which implies A; 7 ^ 0), using 05.2p . we have 

V^'^\u{-ny - Xn{uy)l = V^'^\u{-ny)l = 0 G Q. 


Assume p | k with k = rp. By 05.3p . we have 

p(D(„(_l)P _ Ai(u)P)l = u{-l - r)n - (5,,oAi(u)n 

= m(—1 — ryi — Ai+r(M)^l G Q. 


For n > 2, we have 

V^^\u{-ny - A„(u)^’)l = V^^\u{-ny)l = - rf 1 

{u{-n-ry - Xn+r{uy)l E Q. 

r J 

This shows that Q is a ;B-submodule. It then follows that J(£, A) is a S-submodule. Therefore, 
A) is an ideal. 

Conversely, suppose J{i,X) is an ideal. Then J{i,X) is both an f)-submodule and a B- 
submodule. Let u E i) and assume n >2. By 05.3p . we have 

J{i, A) 9 V^^^-^^P\u{-iyi - Ai(u)n) = ui-nyi, 

which implies A„(m)^1 = u{—nyi — {u{—ny — Xn{uy) 1 E J{i, A). Since J{i, A) y 0), we 
have 1 ^ J{£, A). Then we conclude that Xn{u) = 0, as desired. □ 

Dehne 

A = {A G (^+)* I A(M(-n)) = 0 for M G f), n > 2}. (5.7) 

As an immediate consequence of Proposition 15.41 we have: 

Corollary 5.5. Let £ G and A G A. Then L-^{£, 0, A) is an irreducible i)-module and a simple 
vertex algebra. Moreover, L^(£, 0,A) with X E (()+)* exhaust simple quotient vertex algebras of 
V{j(£, 0), which are also irreducible \)-modules. 

Next, we determine all modules for vertex algebras L^(£, 0, A). To this end, we need the 
following technical result (cf. |DLj h 
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Lemma 5.6. Let V be a vertex algebra and let {W, Yw) be a V-module. Let a eV be such that 
On, n eN, mutually commute and a-n, n E mutually commute. Then, for n E 


Ywia^-n'^,x) = 

j>o 

In particular, we have 


Proof. Let n E Z+. Set 


n + j — 1 

j 




E(-i) 

i>o 


l-n 1'^+ j 1 \ ^p^-p(n+j) 

J ' ^ 


Yw{al^l,x) = 




j>0 ^ \ J / 


-n-j 


We first use induction on k to show that 

3=0 J 

for all k E From the Jacobi identity, we have 

Yiv(a_nX, x) = AYw{v, x) + FV(n, x)B 

for V E V. In particular, Yw{a-nl,x) = AB. The induction step is given by 
Yw ((a_„)^+^l,a;) = Yw (a_„(a_„)''l, x) 


3=0 


AY[ ] ( ^ ) 


u 


3=0 

k 


Y f A'^+^-^B^ + Y f A^-^BB^ 


3=0 


k+1 

Y 

3=0 


k + l 


A^+^-iBP 


( 5 . 8 ) 


Taking k = p m. fl5.8p we get Yw{aF_^l, x) = A^ + B^ as (^) = 0 for 0 < j < p. Using Fermat’s 
little theorem, we obtain 


Ywia^.n^x) = AP + BP 

= 5^(-i)” 

3>0 

= E(-it 

3>0 


—n 

J 

-n 


aP_^_jX^P + 


3>0 


—n 


aPj,-p(n+J) 


ci’-r.-A” 


3>0 


-n-3 


-n 


aPa.-p(n+i) 


E 

3>0 


n + j — 1 
3 


aP_^_^x^P + 


E(-i) 

i>o 


l-n / ^ + J 1 \ ^p^-p(n+j) 

3 ' ^ 


as desired. 

The following is a key result for our goal: 


□ 
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Proposition 5.7. Let £ G F and A G A. Suppose that W is an X)-module. Then W is 

a restricted ^-module of level i, satisfying the following conditions for u E 1): 

(i) u{n) act trivially on W for n G pZ; 

(ii) u{ny act trivially on W for n G Z with n ^ —1; 

(iii) u{—iy acts on W as scalar A(m(—1))^. 

Proof. As u{—p)l = A(m(— p))l = 0 in we have Y]y{u{—p)1,x) = 0. On the other 

hand, we have 

Yw{u{-p)l,x) = ^( {u{-p-j)x^ - 

= ^ ~ + u{i)x-p-^). 

j>0 V A / 

Note that from Lucas’ theorem, = 1 when p \ j. Then (i) holds. 

Since m(—1)^1 = A(m(— 1))^1 in 0,A), it follows from Lemma l5^ that 

A(w(-i))n^ = Yw{u{-in,x) = 

j£Z 


Then (ii) and (iii) follow immediately. □ 

Now, we are in a position to present the main result of the paper: 

Theorem 5.8. Let i E and A G A. Then every L-^{i,0, X)-module is completely reducible 
and the adjoint module L^{£,0,X) is the only irreducible L^{i,0, X)-module up to eguivalence. 

Proof. Let W be any L^{i, 0, A)-module. By Proposition 15.71 hP is a restricted l)-module of level 

i, satisfying condition Cq- Then by Theorem 14.81 W as an f)-module is completely reducible. 
Note that an L-^{£, 0, A)-submodule of W is the same as an f)-submodule. Thus IT is a completely 
reducible L-^{£, 0, A)-module. On the other hand, assume that W is an irreducible L^{£, 0, A)- 
module. In view of Lemma [4.51 IT contains a vacuum vector w. By Propositions 15.71 and 14.61 
we have t/(f))tc ~ A^(^, 0, A) and consequently, IT ~ 0, A). □ 

Remark 5.9. Recall that in the case of characteristic zero, a vertex operator algebra V is 
said to be rational if every N-graded (namely admissible) T-module is completely reducible 
(see IZI, IPIH2I). and V is said to be holomorphic if V is rational and if the adjoint module 
V is the only irreducible module up to equivalence. We also recall that a vertex algebra V is 
regular li every T-module is completely reducible (see |DLMlj . [DYj ). In view of Lemma [5.Ill 
Corollary 15.51 and Theorem 15.81 vertex algebras L-^{£, 0, A) with £ G F’^, A G A are rational and 
holomorphic in a certain sense. 

For the rest of this section, we discuss the notion of vertex operator algebra. We assume 
that F is an algebraically closed held of characteristic p > 2. The dehnition of the notion of 
vertex operator algebra requires a slight modihcation (see [ELM], [FHL] . [TmT] . [TTR^ L 

Definition 5.10. A vertex operator algebra is a vertex algebra (T, T, 1), equipped a Z-grading 

r = 0 r(„, 
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such that dimV(„) < cxo for all n and V(m) = 0 for m sufficiently small, and equipped with a 
vector to G V(2), called a conformal vector^ such that 


[L(m),L(n)] 


(m 


n)L{m + n) + 


1 

2 


/m + 1\ 

V 3 ) 


^m+n,0^V 


for m,n ^ "L, where 

Y{u),x) = L{n)x 
and Cy G F {central charge or rank of Id), and such that 



(5.10) 


(5,11) 


L{0)v = nv for v G V(„), n E Z, 

L{-1) = on V, 

UnV G V(^s+t-n-i) for u G V(^), V G Vp), n,s,t e Z. (5.12) 

Note that f) is a Z-graded Lie algebra with deg k = 0 and deg(l) (gjf"') = —n for n G Z. Then 
V^{i, 0) is a Z-graded f)-module with deg 1 = 0 and deg f)(?7,) = —n for n G Z. As in the case of 
characteristic zero, using the Segal-Sugawara construction we have: 


Lemma 5.11. Let £ G F^. Then the vertex algebra 0) is a vertex operator algebra of 
central charge d = dim f) with the conformal vector given by 


1 



d 

i=l 


where ..., is any orthonormal basis of t). Furthermore, t) = V^{i., 0)(i) and f) gener¬ 
ates V^{(., 0) as a vertex algebra, and 

[L(m), a{n)] = —na{m + n) for a G f), m,n E Z. 


It can be readily seen that for G F^, the ideal J{i,0) of 0) is Z-graded. Then we 
immediately have: 

Corollary 5.12. For any i E , the guotient vertex algebra L-^{i,0,0) is a simple vertex 
operator algebra. 

Remark 5.13. Let G F^, A G A with A 7^ 0. We see that the ideal J{i, A) is not Z-graded. 
In view of this, the quotient vertex algebra L-^{i, 0, A) is not a vertex operator algebra in the 
sense of Definition 15.101 On the other hand, for n G f), n E Z+, we have 


L{0)u{—np)l = {np)u{—np)l = 0, L{0)u{—nyi = {np)u{—nYl = 0. 

It follows that the ideal J{i,X) of 0) is L(0)-stable. Then 0, A) is Zp-graded by 
the eigenvalues of L(0), where the L(0)-eigenspaces are infinite-dimensional. In view of this, 
L-^{i, 0, A) is a conformal vertex algebra in a certain sense. 
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